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Let L be a finite lattice, and F a field. We denote by A,(L, F) the semi- 
group algebra of L over F, relative to the operation A. One can easily 
check that A,(L, F) . IS a semisimple algebra, and hence is isomorphic 
to a direct sum of fields. Many order-theoretic and combinatorial 
properties of L are reflected algebraically in A,(L, F), and can be 
derived by studying in detail the natural embedding of L in’ A,(L, F). 
The key to this is the following characterization of the idempotents of 
AJL, F): 
THEOREM. The set of all elements 6, E A,t,(L, F) of the form 
(where p is the Mabius function of L) f orm a complete set of orthogonal 
idempotents. 
This remarkable result was first discovered by L. Solomon [8], who 
called A,(L, F) the Mobius algebra of L. In fact, Solomon showed 
that a similar algebra can be defined for any partially ordered set, and 
showed that the “Burnside algebra” of a finite group is actually the 
Mobius algebra of the partially ordered set of conjugacy classes of 
subgroups. 
The Mobius algebra also appears in the study of valuations on a 
distributive lattice. Rota [7] defined an object called the “valuation ring” 
of a distributive lattice, and used it to derive a number of results about 
certain valuations such as the Euler Characteristic. Davis [3] sub- 
sequently showed that, in the finite-dimensional case, Rota’s valuation 
ring was in fact Solomon’s Mobius algebra, taken over the partially 
ordered set of join irreducibles. Further work in this direction, with appli- 
cations to infinite partially ordered sets, has been done by Geissinger [4]. 
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The purpose of the present paper is to examine the structure of 
A ,,(P, F) in more detail, clarifying and giving new short proofs of many 
of the basic facts. We will also show how the Mobius algebra provides 
a convenient and efficient tool for deriving and applying many well- 
known properties of the Mobius function. Surprisingly, many of these 
results [6] turn out to be statements about the homomorphisms between 
Mobius algebras induced by certain maps between partially ordered sets. 
In Section 2, we discuss the most general theorem of this type, charac- 
terising all such homomorphisms. 
In addition, we show how these methods can be applied to give a 
brief proof of the isomorphism between Mobius algebras and valuation 
rings. 
Finally, in Section 3, we derive a number of identities which hold in 
any Mobius algebra, but have special significance when the lattice is 
geometric. 
I. THE MOBIUS ALGEBRA OF A LATTICE 
Let L be a finite lattice, F a field, and A ,, (L, F) the semigroup algebra 
of L over F. We temporarily introduce an algebra A’ over F, generated 
by orthogonal idempotents in one-to-one correspondence with the 
elements of L; i.e., 
A’ = co GL’h 
+&’ = 6,’ 
XEL (S,‘S, = 0, x # y. 
It is now easy to show that A’ is isomorphic to A ,, (L, F). To each x EL, 
we associate an element x’ E A’ by setting x’ = CUGz 6,‘. 
LEMMA 1. In A’, Q’ = xVGz p( y, X) y’, where y ’ is defined as above 
and p is the Miibius function of L. 
Proof. This follows immediately from the definition of p. 1 
THEOREM 1. The map x + x’ extends to an isomorphism 
A,(L, F) --t A’. 
Proof. Since x’ and y’ are sums of orthogonal idempotents, it is 
clear that (X A y)’ = x’y’. Lemma I implies that the map is surjective, 
and hence an isomorphism. 1 
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COROLLARY I [8]. In A,(L,F), the elements 6, = &,ss p(y, x)y 
form a complete set of orthogonal idempotents. 1 
With these elementary structural results in hand, it is now possible 
to derive a large number of “classical” properties of Mobius functions. 
COROLLARY 2. [6]. Let L be any jinite lattice, and let x, y, z EL. Then 
c P@?Y) = /;(a,y) 
if X2Y 
t if x >,y. 
t/\x=z 
Proof. We have 
The above expression is the coefficient of z in x A 6, . [ 
COROLLARY 3 [6]. Let L be a finite lattice, and let X be the set of 
coatoms of L (elements covered by the maximal element 1). Then 
where Nk denotes the number of subsets of X of size k whose meet is 0. 
Proof. For any x E X, 1 - x = x:ycL,y+z 6, . Hence nIlesx (1 - x) = 
6, , since 6, is the only idempotent appearing in all terms of the product. 
The result follows from equating the coefficients of 0 on both sides. m 
COROLLARY 4 [6]. Letx + x be a closure operator on L, and let L, be 
the lattice of closed elements. For any x, y EL, we have 
where Jo is the MGbius function on L. 
Proof. For any lattice, we can dualize the construction of the 
Mobius algebra and define the “join-algebra” A “(L, F) which has 
primitive idempotents of the form Us = Cllaz ~(x, y) y. In this case, 
the map x ---t x is a join-homomorphism from L to L, which induces a 
607/10/2-z 
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homomorphism from A “(L, F) to A”(,%, , F). The statement of the 
corollary is equivalent to the following: 
(*) -1 0 if X > x, 2:- a, if X= x for any ozEAv(L,F), 
where G* is the image of ua: and O* is the primitive idempotent in 
A,(&, , F) corresponding to X. To verify that (*) is true, we simply 
observe that the relations define a homomorphism from A,(& F) to 
A “(L,, , F) which carries x onto X, and hence agrees with the original 
one. This completes the proof. 1 
2. PARTIALLY ORDERED SETS 
In his original paper [8], Solomon gives a more general definition of 
the Mobius algebra which does not depend on the existence of meets 
and is valid for any finite partially ordered set. His construction yields 
an algebra in which the elements SIG = xyGz p( y, X) y are again ortho- 
gonal idempotents and in which products correspond to meets whenever 
the latter exist. All of this rests on the appropriate definition of products 
in general, and Solomon’s formula is the following: If x and y are 
elements of P, then 
We observe that the approach used in Section 1 to prove Theorem 1 
leads naturally to this definition, and that the main structural properties 
are verified in exactly the same way. 
If P is a partially ordered set, we define 
A’ = co GL’>, 
S,‘S, = s,‘, 
( XEP t S,‘S, = 0, x # y. 
as in Section 1, and, again, 
x’ = c 6,‘. 
Y<X 
It follows that 
x’*y’= c 6,‘. 
tezz 
KY 
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Thus if we define A,(P, F) to be an algebra generated over F by the 
elements of P, with multiplication defined on the generators by the 
formula 
x*y= c St, where 6, = C ~(3, t)s, 
t&72 s<t 
t<v 
then the correspondence x -+ x’ again extends to an isomorphism 
between A ,,(P, F) and A’. This product formula is exactly the one given 
by Solomon. Theorem 1 and Corollary 1 follow as before, and hence 
A ,(P, F) is semisimple algebra generated by the idempotents 6, , x E P. 
Clearly x . y = x A y whenever x A y exists in P. 
Corollaries 2-4, suitably interpreted, also follow with no change in 
the proofs. 
A more general version of Corollary 4 can be obtained by examining 
the homomorphisms induced by maps between partially ordered sets. 
In fact, the next theorem gives a complete characterization of those 
maps which extend to homomorphisms. 
THEOREM 2. Let P and Q be jinite partially ordered sets, and F a 
jield. If F : P + Q is any map, then v extends to a homomorphism 
y: A,(P,F)-+ A,(Q,F) if and only if 
(i) y is order preserving, and 
(ii) for any q E Q, the set (p E P 1 ‘p(p) < q> either has a maximum 
or is empty. (In other words, for any principal order ideal I, @[I] is either 
principal or empty. 
Proof. Suppose that v extends to a homomorphism. Since x < y if 
and only if x * y = y, it is clear that v is order-preserving. If q E Q, 
and {P E p I 9(P) G q)r is nonempty, then y(p) < q for some p E P. 
Since 
it follows that the idempotent up E A,(Q, F) appears as a summand in 
~(a,) for some x >p. Moreover, this x is unique, since the property of 
being a set of orthogonal idempotents is preserved by y. We claim that 
x = max(p E P j F(P) < q>. For the above argument shows that x 3 p 
for any p such that F,(P) < q. Since o4 must appear as a summand in 
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T(X), it follows that p)(x) < 4. This completes the proof of (ii), and hence 
of half the theorem. 
Now suppose that (i) and (ii) hold. Let IQ,, = {q E Q 1 q > I for some 
p E P}. If q E Q,, , define #(q) = max{p E P / v(p) < 4). It is well known 
that y and Ifi form a Galois connection between P and the dual of Q,, , 
and that the maps p -+ 9 = #(v(p)) and q -+ p = p(#(q)) are closure 
operators. We define a homomorphism q~* : A, (P, F) --+ A, (Q, F) by 
setting 
0 if p > p, 
V’*(%) = c 
1 
q3, if p = p. 
QEO lj=d Pi 
and extending linearly. It is straightforward to check that v* agrees with 
y on P, and hence is the desired extension. m 
COROLLARY 5. Let P be a finite partially ordered set, and let PO Z P. 
A, (P,, , F) is isomorphic to the restriction of A,(P) to PO if and only if 
the restriction of every principal order ideal of P to P,, is either empty or 
principal. i 
(For lattices, this is the obvious requirements that P,, be a join- 
sublattice of P.) 
As a corollary to the proof of Theorem 2, we obtain the following 
result which is essentially due to Rota [6] and includes almost all of our 
previous corollaries. 
COROLLARY 6. Let P and Q be finite partially ordered sets, and let 
p --f F and q --+ 4 be the maps of a Galois connection between P and Q. 




c P&, 4 = c PQ(Y, s) if z = x. 
t 
i=y g=1 
Proof. From the previous proof, we know that 
i 
0 if x=>s, 
d%J = c us if E=x. 
.s 
;=a 
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The corollary follows from expanding these expressions and equating 
coefficients. 4 
We conclude this section with a proof of Davis’s theorem on the 
valuation ring of a distributive lattice. 
DEFINITION [7]. If L is a finite distributive lattice, define M(L) to be 
the set of all elements in A ,(L, F) which are linear combinations of 
elements of the form x v y + x A y - x - y. (k!(L) is an ideal of 
A ,,(L, F).) The quotient VF(L) = A ,(L, F)/n/r(L) is an algebra over F 
called the valuation ring of L over F. 
THEOREM 3 [3]. V,(L) g A,(P(L), F), where P(L) is the partiaZZy 
ordered set of join-irreducibles of L. Moreover, the isomorphism is the 
“natural” one associating p E P(L) with its image mod M(L). 
Proof. The ideal M(L) is spanned by precisely those idempotents 
6, whose product with some element of the form x v y + x A y - x - y 
is non zero. Since 
it follows that 
M= Cl3 @A 
z&in-reducible 
Hence for any x EL, 
x = c S,(mod M(L)), 
P<D 
Pa? L) 
and the elements S,(mod M(L)), p E P(L), form a basis for V,(L).Hence 
the map 6, + S,(mod M(L)) extends to an isomorphism from A,(P(L), F) 
to VJL) which maps p + p(mod M(L)). This completes the proof. 1 
3. IDENTITIES IN THE MOBIUS ALGEBRA 
If P is a partially ordered set, we can regard any M6bius inversion 
problem in P in the following way: We define a linear functional on 
A ?i (P, F) by specifying its values on P, and then evaluate it at each of the 
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idempotents 6,) x E P. In this context, many identities which hold in 
A v (P, F) can be related to the original problem by making an appropriate 
evaluation. For certain rather restricted classes of lattices (e.g., geometric 
lattices), a large number of polynomial identities arise in this way. 
Oddly enough, the corresponding identities in the Mobius algebra seem 
to hold for any lattice. The next two results are typical examples. 
THEOREM 4. Let X, be the set of atoms of L, and let X, = A u B be 
a partition of X, into two classes. Then 
where the L(A) and L(B) are the join-sublattices of L generated by A 
and B, with Mtibius functions pA and pB , respectively. 
Pyoof. As in the proof of Corollary 2, we have 
Expanding the factors on the right, we obtain the result. 1 
COROLLARY 7. I f  L is geometric, and if A and B are separators of L, 
then 
p,(h) = c p(0, x) Xr(l)-+-) 
XGL 
= ye;A) p(0, y) XT(A)--T(Y) * 1 p(0, z) hr(B)-r(z) 
EL(B) 
= PL(A)(4 * PL(B)@h 
where the polynomials p(h) are the characteristic polynomials of the 
respective lattices. 
Proof. This follows from the theorem if we replace x by hru-r(z), 
y by jjr(A)-r(~) and 2 by hr(B)-?(~), and observe that hHA)-r(t/) . hr(B)--r(~) = 
XT(l)--r(l/VZ) 
* I 
This “factoring” of characteristic polynomials only works if A and B 
are separators. However, a more general result, due to Richard Stanley, 
also follows from a “universal” factorization in the Mobius algebra. 
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THEOREM 5. Let L be any lattice, and let z EL. Then 
Proof. We apply Theorem 4 in the special case where the partition 
A u B is obtained by letting A = (p j p < z}. In this case, L(A) is the 
interval z/O. The proof consists of showing that terms involving elements 
y EL(B) vanish unless y A x = 0. The map t ---f t v y is a join- 
homomorphism from z/O to z v y/y, for each y EL. The associated 
closure operator on z/O is the map t + (t v y) A z. For each y, the term 
(C,,, ~(0, t) t) * y is the image of the idempotent corresponding to 0 
under the homomorphism of Mobius algebras induced by the map 
t + t v y. As in the proof of Corollary 4, the result equals zero unless 
0=O,orO=(Ovy)Az=y~z. 1 
COROLLARY 8 [9]. Let L be a geometric lattice, and let x be a modular 
element of L. Then 
p,(h) = c p(0, t) X--T(t) . 
t<z 
~ *Tea p(0, y) Ar(l)-r(z)-r(y). 
Proof. In Theorem 5, replace t by hr(z)-r(i), and y by hr(l)-r(e)-r(g). 
Since r(t) + r(y) = r(t A y), by the modularity of X, products are 
preserved. 1 
A closer examination of the proof of Theorem 5 yields a result related 
to Crapo’s “complementation” theorem [I] : 
COROLLARY 9. Let L be any lattice, and let z EL. If y EL, let L, denote 
the image of z/O under the map t + t v y. Then 
IxLP(O~ 4x = c P(O, Y) 2 PL&Y, +. 
tl/Yz=o SE L, 
Proof. We rewrite the result of Theorem 5, using the argument of 
Corollary 4 to evaluate the product 
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when y A x = 0. According to Corollary 4, this expression is equal to 
the idempotent u,, in the algebra AV(L, , F). Hence 
from which the corollary follows immediately. m 
COROLLARY 10. Let L be any lattice, and let 2: E L. Then 
cL(O, 1) = 1 P(O,Y) * PLJY, 1). 
YV2=1 
Y  A%=0 
Proof. This follows from equating the coefficients of 1 in Corol- 
lary 9. [ 
The next result can be regarded as a generalization of Stanley’s 
theorem (Corollary 8). 
COROLLARY 11. If L is geometric, then 
p,(h) = c p(0, y) p&i) X~(l)-r(r” Y) 
1//j,2=0 
Proof. Replace x by Xr(l)-r(X) in Corollary 9. 1 
COROLLARY 12. If L is geometric, and x EL, then 
(where y 1 x means x and y are a complementary modular pair). 
Proof. In Corollary 10, the terms ~(0, y) pL,( y, 1) all have the same 
sign, and L, is isomorphic to x/O if x I y. The inequality follows 
immediately. 1 
Remark. It is easy to see that equality holds in Corollary 10 o x is 
a modular element. See [5] for further applications. 
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